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Three-dimensional laminar wall jets of a Newtonian fluid and two shear-thinning non-Newtonian fluids were
numerically investigated. The complete nonlinear incompressible Navier-Stokes equation was solved using a
colocated finite volume based in-house computational fluid dynamics code. For each fluid, the computation was
performed at three Reynolds numbers. The results showed that the streamwise velocity profiles for the Newtonian
fluid became self-similar but the more shear-thinning fluid never achieved a self-similar condition. Significant
differences were observed among the profiles for the various fluids in the inner region. Although the transverse and
spanwise components of the velocity decreased substantially with increasing Reynolds number, the values for the
non-Newtonian fluids were generally an order of magnitude larger than the corresponding values for the Newtonian
fluid. Depending on the specific fluid and Reynolds number, the apparent viscosities were up to 4 orders of magnitude
higher than the dynamic viscosity of water. Consequently, the spread of the jet in both the transverse and spanwise
directions, decay of the maximum streamwise velocity, and the skin friction coefficient depend strongly on both
Reynolds number and nature of the fluid. The results also show that the jet half-width in the transverse direction is

significantly higher than in the spanwise direction.

Nomenclature

Cy = coefficients

cr = skin friction coefficient

d = inlet pipe diameter

m = mass fluxes through the control volume faces

n = power-law index

p = pressure

Re; = Reynolds number based on u; and d

Reys, Re,, = Reynolds numbers based on u,,, and z,, and z; 5

r = local radius which is a function of y and z

u, v, w = velocity components in streamwise, spanwise,
and transverse directions

uy, = bulk velocity

u; = velocity component with respect to the
Cartesian coordinate x;

u; = maximum velocity at the exit section of the pipe

Uy Vs W,, = local maxima values of u v and w

Xy, 2 = streamwise, spanwise, and transverse
coordinates

X; = Cartesian coordinates, x, y, Z

Zm = jet thickness in transverse directions

Z0.55 Y0.5 = jet half-width in transverse and spanwise
directions

Ax, Ay, Ay = grid points on streamwise, spanwise, and
transverse directions

A second invariant of the shear-rate tensor

A = consistency index

I = apparent viscosity

K = dynamic viscosity of water

P = density

Ty = friction velocity
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I

WALL jet can be defined as a shear flow directed along a wall
where, by virtue of the initially supplied momentum, at any
station, the streamwise velocity over some region within the flow
exceeds that in the external stream [1]. There have been numerous
studies on two-dimensional (2-D) laminar wall-jet flows, for
example, Glauert [2], Bajura and Szewczyk [3], Cohen et al. [4],
Gorla and Jeng [5], Filip et al. [6], and Gorla [7]. Three-dimensional
(3-D) laminar wall-jet flows (Craft and Launder [8] and
Krechetnikov and Lipatov [9]), on the other hand, have received
comparably less research attention in spite of their wide and diverse
fluid engineering applications. Some of these applications include
mass transport enhancement in a bioreactor perfusion system,
mixing enhancement in biosensor microfluidic systems, wall-jet
detector biosensor, ceramic plasma actuator panels, airless spray
painting, control of air contaminants in ecology and process hygiene,
and three-dimensional echocardiography (3-D color Doppler) in the
quantitative assessment of mitral regurgitation. There is a need,
therefore, for additional research to advance understanding of 3-D
wall jets. Wall-jet flow is relatively more complex than the free jet or
classical near-wall flows such as fully developed channel flows and
zero pressure gradient boundary layers. The complexity increases
when the flow becomes 3-D and even more complicated when the
properties of the fluid medium are not constant, specifically a shear
dependence viscosity. It is therefore not surprising that 3-D wall-jet
flows of non-Newtonian fluid have not received research attention.
Tetervin [10] and Glauert [2] carried out analytical studies on two-
dimensional laminar wall-jet flow. They showed that the local
maximum velocity (u,,) decays as one-half power while the jet half-
width increases as three-quarter power of the downstream distance.
Subsequently, a number of experimental and numerical
investigations have been conducted to understand the characteristics
of both laminar and turbulent wall jets. Most of these studies
involved heat transfer, stability analysis, effects of compressibility,
blowing and suction as well as moving and ribbed walls on the flow
dynamics (Bajura and Szewczyk [3], Cohenetal. [4], Gorla[11], Issa
[12,13]). Bajura and Szewczyk [3], for example, employed a hot-
wire anemometer to study 2-D laminar wall-jet flow at various
Reynolds numbers (250-800). Their results showed that the flow
becomes self-similar at 18 slot heights downstream of the nozzle
outlet for a jet-exit Reynolds number (based on the slot height) of
377. They reported similarity exponents that were in good agreement
with theoretical values reported by Glauert [2]. Cohen et al. [4]
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Fig. 1 Schematic of the present flow geometry.

investigated laminar-turbulent transition of 2-D wall jets subjected to
blowing and suction using experimental and analytical techniques.
The experiments were performed at Reynolds numbers of 466—725.
They found that the velocity profiles become self-similar after 30 slot
heights downstream of the nozzle. Gorla and Jeng [5] numerically
analyzed a 2-D laminar plane wall jet and obtained an explicit
expression for several parameters including potential core length, jet
half-width, maximum velocity, similarity exponents, exterior
momentum flux, and skin friction coefficients as functions of jet
Reynolds numbers. Issa[12,13] applied a commercial computational
fluid dynamics (CFD) code, Fluent, to numerically study a 2-D
laminar wall jet. He applied various velocity and temperature profiles
at the inlet. A very good agreement with Glauert’s theoretical results
was observed. In addition, the local and overall skin friction
coefficients were found to depend on the Reynolds number.

Craft and Launder [8] obtained numerical solutions for a self-
similar condition as well as the parabolic form of the governing
equations for 3-D laminar wall-jet flow. It was reported that there was
no substantial streamwise vorticity so that the ratio of the spanwise to
transverse spread rates was substantially less than unity. Based on
this observation, they concluded that, for the case of the laminar wall
jet, viscous diffusion is principally responsible for the growth of the
jet in the flow direction. The spreads of the jet in the transverse and
spanwise directions were found to depend on the Reynolds number.

Most of the prior investigations on wall-jet flow of non-Newtonian
fluids have focused on the 2-D case. Filip et al. [6] performed a
similarity analysis for 2-D laminar wall jets of power-law fluids past
axisymmetric bodies. The similarity profile was observed to be fluid
dependent; that is, in the inner and outer regions, the shear-thinning
fluid has higher velocities and the shear thickening fluid has lower
velocities than a Newtonian fluid. Gorla [7] performed an analytical
study on a 2-D laminar wall jet of power-law non-Newtonian fluid

over curved surfaces. It was observed that the velocity profile and
skin friction coefficient depend on the shape of the surface.
Furthermore, the local skin friction coefficient values decrease as the
fluid becomes more shear thinning or shear thickening.

Although the 2-D laminar wall jet has been studied extensively
(especially for Newtonian fluids), only a few investigations of the 3-
D laminar wall jet have been reported. For a 2-D laminar wall jet of
Newtonian fluid, it has been shown that the velocity profile becomes
self-similar beyond a downstream location that depends strongly on
jet Reynolds number [3.4]. For the 2-D laminar wall jet of non-
Newtonian fluids, prior analytical solutions have shown the
existence of a similarity condition. Furthermore, the skin friction
depends highly on the nature of the non-Newtonian fluid [7]. The
purpose of this paper is to numerically study the effects of the
Reynolds number on the velocity profiles, the decay of the local
maximum velocities, and the spread of the 3-D laminar wall jet of
both Newtonian and non-Newtonian fluids. The numerical approach
is to solve accurately the full nonlinear Navier—Stokes equations. A
schematic of the flow geometry (half-section), nomenclature, and
coordinate system are shown in Fig. 1. The inlet pipe is of diameter
d = 2.68 mm, while the main channel has a length of 3504, height of
101d, and width of 76d. In the coordinate system used here,
streamwise, spanwise, and transverse directions are referred to the x,
v, and z axes, respectively. As shown in Fig. 1, x = 0 at the inlet,
y = 0 at the plane of symmetry, and z = 0 on the bottom wall.

II. Computational Method
A. Governing Equations

The governing equations for steady, incompressible flow in tensor
form are given in Eqgs. (1) and (2).

Table 1 Inlet velocities

Re; n=1.00 n=0.702 n=0.44
u;, mm/s u,, mm/s u;, mm/s u,, mm/s u;, mm/s uy,, mm/s
77 0.029 0.014 3.323 1.821 14.965 9.288
155 0.058 0.029 5.696 3.121 23.433 14.545
310 0.116 0.058 9.717 5.324 36.543 22.682
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Fig. 2 Typical control volume and labeling scheme.

Continuity equation:

du;

ax,' =0 (1)

Momentum equation:
ou; 0 ou;  Ou; ap
el SRR [V (el BTt ) | 2
P ox; 0x; |:H'(8xj + 8x,)i| 0x; @

where u; represents the velocity component with respect to the
Cartesian coordinate x;, p is the pressure, 1 is dynamic viscosity, and

z/d

p is the density that is assumed to be constant. For non-Newtonian
fluids, the viscosity is not constant, and it is here assumed to be a
function of the shear-rate only. A generalized shear-thinning power
law (. = AA™D) given by Bird et al. [14] is used in the present
study. Here, A is the consistency index, n is the power-law index, and
A is the second invariant of the shear-rate tensor, given as

A =[2{(0u/0x)* + (0v/dy)* + (Jw/32)*} + (du/dy + 0v/0x)>
+ (0u/0z + dw/0x)? + (dv/dz + dw/dy)?]/? 3)

The wall-jet flow is characterized by the Reynolds number,
Re;(= pu?‘" d/X) at the pipe exit, where u; is the maximum velocity
at the exit section of the pipe. It should be noted that a Newtonian
fluid can be considered as a special case of the non-Newtonian fluid.
In this case, n = 1, while the consistency index A becomes the
dynamic viscosity of the fluid.

B. Boundary Conditions

The boundary conditions used for the computation domain shown
in Fig. 1 are as follows:

1) Inlet (x = 0): u(r)/u, = Bn + D[1 — Q2r/d)"*Y")/(n + 1)
in the region 0 <z <d and 0 <y <0.5d; otherwise, u = v=
w = 0. Note that u,(=u;[n + 1]/[3n + 1]) is the bulk velocity, n the
is power-law index, and r is the local radius which is a function of y
and z.

2) Outlet (x = 350d): pgpec = 0.

3) Symmetry plane (y = 0): du/dy = dv/dy = dw/dy = 0.

4)Side wall (y =38d): u =v=w=0.

y/d

Fig. 3 a)and b)show comparison between velocity profiles obtained using a smaller flow domain, SD (3504 x 384 x 101d) and alarger flow domain, LD,
size (350d x 50d x 151d). c¢) and d) show a comparison between profiles obtained using the no-slip boundary condition, NS (# = v = 0) and zero gradient,
ZG (du/dz = dv/dz = 0), at the top wall (z = 101d). Note that all profiles were obtained for Re; = 77 and at x /d = 20.
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Table 2 Mesh sizes in mm
Mesh Ax (min, max) Ay (min, max)
Coarse 1.60 x 1074, 6.22 x 1073 8.38 x 107°,7.0 x 1073
Medium 5.72 x 1073, 6.00 x 1073 7.44 x 107, 4.83 x 1073
Fine 6.13x107%,7.6 x 1073 5.44 x 107°,3.04 x 1073

8.93 x 1073,9.00 x 1073
7.88 x 107, 7.36 x 1073
5.88 x 107°,5.27 x 1073
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5) Bottom wall (z =0): u =0,v=0,and w = 0.

6) Top wall (z = 101d): du/dz = dv/dz =0,

It should be noted that a first-order approximation was employed
to obtain # and v at z = 101d. The normal velocity to the outlet
(x =350d), u was obtained by a mass balance for each cell. The
viscosity at the boundaries was obtained by linear extrapolation from
the two nearest neighboring cells. The same method was used for
pressure at all boundaries except at the outlet where the pressure
value was prescribed, Ferziger and Peri¢ [15]. The rheological data
for the power-law non-Newtonian fluids from Wu and Thompson
[16] and Dressler [17] were used for the two non-Newtonian fluids
studied in this paper. These are n = 0.44, p = 1000 kg/m?, A=
2.37 Pa-s", n =0.702, p = 1090 kg/m?, and A = 0.1803 Pa - s".
Table | provides a summary of the exit jet velocity (u;) and the
corresponding bulk velocity (u,,) for all the fluids and Reynolds

numbers investigated.

and w = 0.

In addition to the flow domain described earlier (i.e., length of
350d, height of 101d, and width of 38d), computation was also
performed for two test fluids (n = 0.4 and n = 1) with a larger flow
domain size (length of 3504, height of 151d, and width of 50d). The
rationale was to determine if the domain size used in the present study
is large enough. The lowest Reynolds number was employed in the
exploratory study because it was expected that the spread of the jet
would be fastest at this Reynolds number. As will be shown
subsequently (see Figs. 3a and 3b), no significant differences were
observed among the results from both flow domain sizes.
Computation was also carried out by using the no-slip boundary
condition (¥ = v = 0) at the top wall instead of the zero velocity
gradient (du/dz = dv/dz = 0) at z/d = 101. The results from both
boundary conditions were identical (see Figs. 3c and 3d). Because
the zero gradient boundary condition produced better convergence
and stability of the solver, it was employed in all the results presented
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subsequently in this paper. The results presented will be confined to
the first 100d of the 3504 to avoid the possibility of any influence of
the outer boundary conditions.

C. Discretization Method

The conservation Eqs. (1) and (2) were discretized using a
colocated finite-volume method for general orthogonal grids which
is described in detail in Ferziger and Peri¢ [15]. Here, only a brief
summary is provided. The usual integration of the differential
equations is performed over control volumes with the dependent
variable held at P as shown in Fig. 2. The neighboring nodal values
are heldat W, E, S, N, D, and U (west, east, south, north, down, and
up), whereas the face values are held at w, e, s, n, d, and u. The
standard central difference scheme (CDS) is used for the diffusion
terms. To achieve a more accurate representation of the convective
terms, the CDS has been implemented in the form of a deferred
correction [18] to the first-order upwind approximation (UDS). The
main advantages of the deferred correction are stability, simplicity,
and computer-memory saving. The deferred correction approach
tends to promote numerical stability as it ensures that the coefficient
matrix is (more) diagonal dominant. The discretization of Eqgs. (1)
and (2), therefore, takes the form:

me+mn+mu_’hw_ms_md=0 (4)

Cpttip+ Y _Crttiy = by ®)
k

where the index & runs over the six nearest neighbors (W, E, S, N, D,
and U) of node P, m and u; (u, v, and w) are the mass fluxes through
the control volume faces and nodal velocity, respectively; the
coefficient C; consists of a contribution from the implicitly treated
parts of both convection and diffusion fluxes, whereas b contains
the pressure term for respective velocity component and the
explicitly treated parts of convection and diffusion. It should be
mentioned that at convergence the UDS terms are expected to cancel
out leaving only CDS terms. The underrelaxation parameter was
incorporated to account for the nonlinear nature of the equation
systems and stability of the solver [19].

Pressure-velocity coupling on the colocated grid was achieved
with an interpolation scheme suggested by Rhie and Chow [20]. A
segregated solution approach using the semi-implicit method for
pressure-linked equation consistent (SIMPLEC) algorithm [21] was
used. A Poisson equation solved for the pressure-correction field by
enforcing mass conservation is as follows:
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- xd=5
~O- 10
%, S 15 |
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Fig. 5 Normalized streamwise velocity profiles on transverse a), c), and e) and spanwise directions b), d), f) at various downstream locations for the

Newtonian fluid.
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Crpp + chpk = b, ©)
x

where b,, is an artificial mass source for each control volume left after
mass conservation, and Cy,—pwesypy) are the pressure-
correction coefficients. The boundary velocities are assumed to be
prescribed and are not corrected except those boundaries where
pressure values are prescribed. This condition is equivalent to
specifying a zero gradient on the pressure correction. The velocities
on pressure prescribed boundaries are, however, corrected.

D. Solution Procedure

The resulting algebraic equations (5) and (6) for nodal velocities
and pressure correction, respectively, were solved using a 3-D
version of the strongly implicit procedure (SIP) solver [22]. The
solution algorithm consists of a sequential solution of the three
discretized momentum equations and the pressure-correction
equation. The velocities, mass fluxes, and pressure are then
corrected. These values are used to update the coefficients and
calculate the viscosity in the case of non-Newtonian fluid for the next
outer iteration. The viscosity is thus treated explicitly. For each
SIMPLEC iteration (outer iteration), up to five and 15 SIP iterations

2873

are performed for each velocity component and pressure field,
respectively. The SIP iterations are stopped if the residual level drops
by a factor of 5 for velocity components and 10 for the pressure-
correction equation. A solution to a tighter tolerance yielded no
advantage because the variables need to be updated in outer
iterations. The convergence criterion which is the residual norm (the
sum of absolute residuals over all control volumes) for each equation
was set to 1074,

The code that implements the numerical model was checked
thoroughly for internal consistency. Test cases of a lid-driven cavity
described by Lilek et al. [23] and 3-D laminar wall-jet flow by Craft
and Launder [8] were used to validate the code. In addition,
computations for a fully developed channel flow for both Newtonian
fluid and non-Newtonian fluid having identical properties as used in
the present study and in Dressler [17] were performed. In all the test
cases, very good agreement was obtained. A comparison between the
results from the 3-D laminar wall-jet results by Craft and Launder [8]
and those obtained in the present study will be presented in Sec. IIL.B.

A number of grid meshes were used to determine grid
independence of the solutions. The grid independence tests were
conducted using grids made up of coarse (150 x 38 x 63), medium
(250 x 58 x 95), and fine (400 x 111 x 181) grids in the stream-
wise, spanwise, and transverse directions, respectively. The grids
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Fig. 6 Normalized streamwise velocity profiles on transverse a), ¢), and e) and spanwise directions b), d), and f) at various downstream locations for the

n = 0.7 non-Newtonian fluid.
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were geometrically expanded in all three directions. The absolute
values of the maximum and minimum grid sizes (Ax, Ay, and Az)
are given in Table 2.

Based on the jet half-widths in the transverse and spanwise
directions, the maximum difference between the coarse and medium
grids at selected locations was 4.3%. In terms of typical local velocity
profiles examined at x/d = 20, the maximum percentage changes
were 7.3% that occur in the u,, values. The corresponding differences
between the medium and fine grids were 0.88 and 1.2%, respectively.
Based on these tests, the medium grid was used for the present work.
All the simulations were performed on a Sun V20z machine with
4031 MB memory.

E. Effects of Flow Domain Sizes and Boundary Conditions

As mention in Sec. IL.B, the effects of computation flow domain
sizes on the results were explored. Typical profiles of u, v, and w in
the transverse and spanwise directions for the Newtonian fluid
(n =1) and a non-Newtonian fluid (n = 0.4) are shown in Figs. 3a
and 3b, respectively. The profiles shown in the figure were obtained
for the lowest Reynolds number (Re; = 77) and at x/d = 20. Except
for small differences in the outer region of the v profiles (Fig. 3b), the
results from both domain sizes are nearly indistinguishable.
Figures 3c and 3d compare results obtained when the boundary
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condition at the top wall (z = 101d) is changed from zero velocity
gradient to a no-slip boundary condition. For all three velocities and
in both the transverse and spanwise directions, the results from two
boundary conditions are in excellent agreement.

II1. Results and Discussion

A. Decay of Maximum Streamwise Velocity, Spread Rates, and Skin
Friction Coefficient

Before the discussion on the velocity profiles in the transverse and
spanwise directions for the three different fluids and the three
Reynolds numbers, a number of parameters are used to characterize
the flow development in the streamwise direction. These include the
local maximum streamwise velocity (u,,), the location of u,,, from the
wall (z,,), the jet half-width in the transverse direction (z, 5), and the
spanwise direction (yqs). The jet half-widths (zo5 and y,s) are
defined as the distance measured from the origin to the respective
location at which u is one-half of u,,. It should be recalled that the
origins for z and y are located on the bottom wall and symmetry
plane, respectively (Fig. 1). The variation of u,, for the various fluids
and Reynolds number with streamwise distance from the jet exit will
provide insight into how the decay of the velocity field depends on
fluid type and Reynolds number. Similarly, y,5 and z, 5 are used,
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Fig. 7 Normalized streamwise velocity profiles on transverse a), ¢), and e) and spanwise directions b), d), and f) at various downstream locations for the

n = 0.4 non-Newtonian fluid.
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respectively, to document the effects of fluid type and Reynolds
number of the growth or spread of the jet in the spanwise and
transverse directions, whereas z,, represents the thickness of the
inner layer that is akin to a classical boundary layer. In the following
presentation, u; will be used as the appropriate velocity scale and the
inlet pipe diameter d is used to normalize distances in the streamwise,
spanwise, and transverse directions. The Newtonian fluid will be
denoted by n = 1.0, while the two non-Newtonian fluids will be
denoted by n = 0.7 and n = 0.4.

The variations of u,, /u; with x/d are shown in Fig. 4a. As the jet
evolves downstream, it entrains the stagnant ambient fluid and the jet
velocity is slowed considerably. This is true for all the fluids and the
Reynolds numbers. The decay of u,, is most rapid for the lowest
Reynolds number and slowest for the highest Reynolds number
investigated. Ateach Reynolds number, the profiles plotted in Fig. 4a
can be divided into two regions: 1) an initial region where the decay is
most rapid for n = 1.0 and slowest for n = 0.4 and 2) a final region
where the decay is most rapid for n = 0.4 and slowest for n = 1.0.
The demarcation between these regions, which is indicated by
arrows in the figure, occurred at x/d = 5, 10, and 22, respectively,
for Re; =77, 155, and 310. Figure 4a also demonstrates that, at
x/d = 10, the values of u,, /u; forn =1.0and n = 0.4 at Re; = 77
are only 11 and 0.7%, respectively. The corresponding values of
u,/u; at x/d =30 and Re; =310 are 18 and 4%, respectively.
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When u,, becomes negligibly small, the velocity distribution
becomes more uniform and the flow may begin to lose its wall-jet
characteristics. These results imply that, for a particular fluid such as
n = 1, the jet with the least momentum (lowest Re ;) would vanish at
a smaller x/d location whereas at similar Re;, the fluid with the
smallest n would vanish at a smaller x/d.

Figures 4b—4d show that the decay of u,, is accompanied by a
growth or an increase in z,,,, Zg 5, and y, 5 with downstream distance.
The growth rate is also Reynolds number and fluid dependent. More
specifically, for a similar fluid, the jet spreads faster at a lower Re;,
and for a similar Re;, the non-Newtonian fluids (n = 0.4 and 0.7)
spread faster than the Newtonian fluid (n = 1.0). In spite of an
increase in both y 5 and 7z, 5 with x/d and the strong dependence on
the jet Reynolds number and fluid type, it was observed that
Yos/Z0s = 0.5 £ 0.15. The implication is that the jet spreads more
rapidly in the transverse direction than it does in the spanwise
direction. As reported by Craft and Launder [8], the significant
differences between z, 5 and y, 5 are due to the fact that there is no
substantial streamwise vorticity. The faster spread rates at the lower
Reynolds numbers and for the non-Newtonian (n = 0.7 and 0.4)
fluids are possibly due to viscous diffusion effect and significantly
higher secondary flows.

To explain the above observation, the local Reynolds numbers,
Re,, = pu,,z,,/ L., for all the fluids and Reynolds numbers are

e)

and non-Newtonian fluids.

1.0

0.0 L L L L
0.0

Wy,

f)

Fig. 8 Comparison of velocity profiles on transverse a), ¢), and e) and spanwise directions b), d), and f) at various downstream locations for Newtonian
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plotted in Fig. 4e. Unlike the Newtonian fluid for which p does not
vary within the flowfield, the apparent viscosity for the non-
Newtonian fluids depends on the shear rate. In the above expression,
I, 1s the specific value of the apparent viscosity evaluated at z,,, from
the expression t = AA D, where A is calculated using Eq. (3), and
values of A stated earlier for the fluids are used. It is clear that the
values of Re,, (and Re, s which are not shown) decrease downstream
as the flow develops. The fastest decrease occurs at Re; = 77 and the
lowest decrease occurred at Re = 310. Furthermore, for the same
Re;, both Re,, and Re;s decreased more rapidly for the non-
Newtonian fluids (n = 0.7 and 0.4) than the Newtonian fluid (n = 1).
Since p is constant for the Newtonian fluid, Fig. 4e supports the
notion that u,, decays faster with x than z,,, increases with x. Perhaps a
more important observation from Fig. 4e is that, notwithstanding the
substantially higher values of z,, for the n =0.7 and 0.4 fluids
compared with the Newtonian fluid (n = 1), values of Re,, are
dramatically lower for the n = 0.7 and 0.4 fluids than for n = 1. The
reduced values of Re,, for the non-Newtonian fluids are due to the
substantially higher values of 1,,. These values, normalized by the
dynamic viscosity of water (i,, = 1.0 x 1073 N - s/m?), which is
the Newtonian fluid used in the present study, are plotted in Fig. 4f.
First of all, the apparent viscosity is up to 4 orders of magnitude
higher than p,. The values are substantially higher for the more
shear-thinning fluid (n =0.4), and for a given fluid, w,/w,

increases with decreasing Re;. Figure 4g shows plots of
representative distributions of ©/u, with transverse distance
(z/z05) at midspan and x/d = 20 for Re; = 77, 155, and 310. The
effects of fluid type and Reynolds number on these profiles are
qualitatively similar to the observation made in Fig. 4f.

The wall shear stress distribution at the symmetry plane (y = 0) is
presented using the skin friction coefficient, Cy(=t,/0.5 pujz-),
where 7,, = pt|du/dz|. The data presented by Gorla [7] suggest that
Cy values decrease as the fluid becomes more shear thinning or
thickening. The skin friction coefficient also depends on the jet
Reynolds number and viscosity of the fluid [2]. The present data
(Fig. 4h) show that, in the early region of flow development
(x/d < 5), Reynolds number effects are more dominant than the fluid
type. In thisregion, C; increases with increasing Re;. For Re; = 155
and 310, the skin friction is slightly higher for the Newtoman fluid
compared with the non-Newtonian fluids. The results in this region
are, therefore, consistent with the findings of Gorla [7]. However, C;
values at the lower Re; decrease most rapidly and in the region
6 < x/d < 23 for the non-Newtonlan fluid with n = 0.4, the C;
values are consistently higher for a higher Re;. Similarly, for
n = 0.7, the C; values are consistently higher for a hlgher Re; in the
region 6 < x/d < 60 and at all x/d locations examined for the
Newtonian fluid (n = 1.0). In these latter regions, C, does not show
any systematic dependence on the type of fluid. It should be noted
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that at the downstream limit of the above regions, the C; values are
almost negligible. It is believed that the decreasing x/d limit with
decreasing n is possibly due to the notion that the jet decayed fastest
for the smallest n (as the fluid becomes more shear thinning) and may
therefore disappear at the smallest x/d.

B. Velocity Distribution and Similarity Consideration

The streamwise velocity profiles on the symmetry plane (y = 0)
and along gz, at various normalized streamwise locations
(x/d = 5-60) are shown in Fig. 5 for the Newtonian fluid (n = 1).
The jet half-widths z, 5 and y, 5 are used, respectively, to normalize
the transverse distance measured from the bottom wall and the
spanwise distance measured from the symmetry plane. At each
downstream location, the velocity increases transversely from zero at
the wall to a maximum u,, at distance z,, from the wall and then
decreases progressively to zero (Figs. 5a, 5c, and 5e). A similar trend
was observed in the spanwise direction where u/u,, decreases from 1
to nearly zero, Figs. 5b, 5d, and 5f. This trend is the same for all three
Reynolds numbers. For the Reynolds numbers and axial locations
shown in the figure, the velocity profiles in the transverse direction
collapsed onto a single curve (the only exceptions are the profiles at
x/d =50 for Re; =77 and at x/d = 5 for Re; = 310, both in the
outer region z/zys > 1). The collapse of the profiles in the spanwise
direction is similarly remarkable, irrespective of the Reynolds
number. Figures 5e and 5f show that the previous numerical results
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from Craft and Launder [8] at identical Reynolds number
(Re; = 310) are in very good agreement with the present results.
Irrespective of the Reynolds number, the maximum velocity
occurred at z,/zps &~ 0.5. These results imply that, for the
Newtonian fluid, similarity in both the transverse and spanwise
directions is achieved as early as x/d = 5. For 2-D wall-jet flow of
the Newtonian fluid, the onset of self-similarity was found to be
x/d = 18 (Bajura and Szewczyk [3]) for Re; = 377 and x/d = 18
(Cohen et al. [4]) for Re; = 466-725.

Similar observations are found for the spanwise profiles of non-
Newtonian fluid with n = 0.7 (Figs. 6b, 6d, and 6f). For Re; = 155
and 310, the transverse profiles in the region z/zy5 < 1 are also in
excellent agreement, and z,,/7¢5 & 0.5. At the lowest Reynolds
number (Re; = 77), however, the transverse profiles do not show
any consistent behavior. Significant discrepancies are observed both
in the inner and outer regions. For example, as x/d increases, z,,/ 2o 5
moves closer to the wall. It is tempting to conclude that there is a
genuine lack of self-similarity for the n = 0.7 fluid at Re; = 77. For
the n = 0.4 fluid (Fig. 7), agreement among profiles at various x/d is
lacking and the location of the maximum velocity (z,,/zqs) is not
fixed. Although profiles at two or three x/d locations for a given
Reynolds number may collapse reasonably well, given the overall
trends observed in the figures it is not possible to conclude that the
profiles are self-similar. It is not clear if the lack of satisfactory
agreement (or possible lack of similarity) for the non-Newtonian
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fluid is a consequence of the rapid decay of u,, and the concomitant
fast spread of the jet. At x/d =20 and Re; =77, for example,
,/u; =5.88 x 10~ and zy5/d =20 (20% of the entire channel
height). It was shown in Fig. 3a that the profiles of u/u,, vs z/d from
a smaller flow domain (height of 101d) and a relatively larger flow
domain (height of 151d) forbothn = land n = 0.4 at x/d = 20 and
Re; = 77 were identical. Therefore, the lack of collapse observed in
Fig. 7 cannot be attributed to confinement effects. In their boundary
layer analysis [24-26], it was suggested that the shear stress terms in
the viscosity equation might remove the possibility of a similarity
solution. Furthermore, Schowalter [27] suggested that the possibility
of the similarity for the 3-D boundary layer depends on the nature of
definition describing the effective viscosity.

A comparison of representative velocity profiles for the fluids at a
fixed streamwise location (x/d = 20) for all Re; values is presented
in Fig. 8. To better reveal differences among the profiles close to the
wall, the profiles in the transverse direction (Figs. 8a, 8c, and 8e) are
terminated at z/zys = 1.0. In the transverse direction, the viscous
nonlinearity effect is observed in the profiles of the non-Newtonian
fluids (n = 0.7, 0.4) where they increase more rapidly from the no-
slip boundary condition to the location of the maximum velocity.

ADANE AND TACHIE

Because the inner region is akin to a boundary layer flow, one would
expect the flow close to the wall to be primarily dominated by viscous
effects. Similar to the results presented by Filip et al. [6], in the inner
region, the shear-thinning fluids (n = 0.4 and 0.7) have higher
normalized velocities than the Newtonian fluid. The discrepancy
among the profiles in the near-wall region is more pronounced for the
lowest Reynolds number (Re; = 77). At this Re;, the location of u,,
(i.e., z,,/20.5) moves closer to the wall as n decreases. As a result, the
inner layer becomes thinner as the fluid becomes more shear
thinning. In the spanwise directions, the profiles at the lower
Reynolds numbers (Re; = 77 and 155) are nearly independent of n.
At Re; = 310, however, the fluid with n = 0.4 deviates from those
with higher n.

The spanwise velocity profiles (v/u,,) along a line parallel to the
wall passing through z,, are shown in Fig. 9. It is observed that the
flow never reached a self-similar state. Notwithstanding the above
comment, most of the profiles for the Newtonian fluid (n = 1) at
Re; = 155 and 310 do not deviate substantially from one another. It
is noteworthy that v,, for all three Reynolds numbers occur at the
same location of y/y, s = 0.8. At the higher Reynolds numbers, the
values of v/u,, for the non-Newtonian fluids are generally an order of
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magnitude higher than the corresponding data for the Newtonian
fluid.

The transverse velocity profiles (w/u,,) at the symmetry plane are
shown in Fig. 10. The profiles for n = 1 increase from zero to the
maximum value and decrease in the outer region. This trend is
observed at all the locations presented irrespective of the Reynolds
number. The peak values (w/u,,) occur at the same location,
7/795 = 0.65, which is farther away from the wall than the location at
which u,, occurred (z/zy s ~ 0.5). This location is also independent
of Reynolds number. The outer region (z/zy s > 1.5) shows that there
is an insignificant difference among the profiles at the compared
downstream locations irrespective of the Reynolds number. The
trends for n = 0.4 and 0.7 are similar to those observed for n = 1.0.
Similarly, values of w are significantly higher than those forn = 1.0
but in these cases, w,, occurred at z/zq 5 ~ 0.75-0.82. Figures 9 and
10 demonstrate that the secondary velocities are substantially higher
for the non-Newtonian fluids (n = 0.7 and 0.4) compared with those
for the Newtonian fluid.

Figures 11a—11f show the profiles of v and w normalized by their
respective local maximum values (v,, and w,,). Irrespective of the
fluid type, the profiles in the inner region (y/y,s < 1.2 and
z/7205 < 1.0) collapsed significantly better, especially those at higher
Reynolds numbers. Significant differences are found, however,
among the profiles in the outer region. These differences appear to be
larger for the non-Newtonian fluids and depend strongly on the
nature of fluid, that is, as the fluid become more shear thinning, the
larger the disparity among the profiles. Itis also important to note that
atahigher Re;, secondary flows are relatively insensitive to the fluid
behavior. Notwithstanding the significant difference observed in
Figs. 9 and 10 among various Reynolds numbers for all the fluids, the
velocity scale used in Fig. 11 significantly improved collapse among
the various profiles, especially in the inner region. In Figs. 11g and
11h, profiles at various Reynolds numbers at a fixed x/d = 20 are
compared. In both plots, excellent agreement is observed in the
regions y/yys < 1 and z/zy5 < 1.

0.04 ———

v /u

'

0.02

0.00

a)

04 T T T T T

u
mom

02F

0.0

c)

Figures 12a—12d show the decay of v,, and w,, in the streamwise
direction. In Figs. 12a and 12b, v,, and w,, are normalized by u;,
whereas in Figs. 12c and 12d, they are normalized by the local
maximum streamwise velocity u,,. Irrespective of the fluid and Re;,
both v,, and w,, decayed with x/d, and in all cases their values are
only a small fraction of u;. On the other hand, values of v,,/u,, and
w,,/u,, for the Newtonian fluid increase consistently with x/d. The
trend for the n = 0.7 fluid at Re; = 310 is similar to those forn = 1.
However, v,,/u,, and w,,/u,, values for the non-Newtonian fluid
(n =0.7) are significantly higher (up to 3 times) compared with
values for n = 1 at the same Re; of 310. The n = 0.4 fluid at all Re;
and n = 0.7 fluid at Re; = 77 and 155 show an interesting trend.
These profiles increase at the early stages of flow development to a
peak value and then decrease.

IV. Conclusions

Three-dimensional laminar wall-jet flows of both Newtonian fluid
(n =1.0) and two shear-thinning non-Newtonian fluids (n = 0.4
and 0.7) were numerically investigated. For each fluid, the wall-jet
characteristics including the decay of the maximum streamwise
velocity (u,,), jet half-width in both transverse and spanwise
directions (z, 5 and y, 5), and similarity velocity profiles were studied
in detail for three initial jet Reynolds numbers (Re; = 77, 155, and
310). The results clearly demonstrate that the velocity decay, spread
of the jet, and skin friction coefficient depend strongly on both Re;
and the specific fluid. For a given fluid, the velocity decay is more
rapid at a lower Re; because the initial jet momentum is expended
more quickly. When Re; is kept constant, it was obvious that the
variation of u,, with x/d could be divided into an initial region and a
final region. In the latter, the velocity decay is more rapid for the
shear-thinning non-Newtonian fluids than the Newtonian fluid,
whereas the reverse is true in the initial region. The demarcations
between the initial and final regions were x/d =5, 10, and 22,
respectively, for Re; =77, 155, and 310. Even for the two
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Fig. 12 Streamwise variation of normalized v,, and w,,: v,,/u; a), w,, [u; b), v,, /u,, ¢), and w,, [u,, d).
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non-Newtonian fluids, the decay of u,, is faster for the more shear-
thinning fluid (n = 0.4) than the fluid with n = 0.7. This observation
was attributed to the notion that the apparent viscosity at any
downstream location increased dramatically when the fluid becomes
more shear thinning. Therefore, for fluid with similar Re i the local
Reynolds number for the non-Newtonian shear-thinning fluids
becomes substantially smaller than for the Newtonian fluid. The
decay of u,, with x/d is accompanied by an increase in z,,, zo s, and
Yos- As expected, these values are higher at a lower Re; (for a given
fluid) and for a more shear-thinning fluid (at a given Re)).
Furthermore, the jet spreads much faster in the transverse direction
than in the spanwise direction irrespective of Re; and the fluid;
however, yys/zos =0.5£0.15 for all the fluids and Reynolds
number investigated.

For the Newtonian fluid, the streamwise velocity profiles in both
transverse and spanwise directions became self-similar at x/d > 5
irrespective of Re;. For the non-Newtonian fluid with n = 0.7, self-
similarity conditions were observed only at Re; = 155 and 310. The
results demonstrate a genuine lack of self-similarity for the more
shear-thinning fluid (n = 0.4). Because the inner layer is akin to a
classical boundary layer, significant differences were observed
among the velocity profiles for various fluids at a fixed Re;. In this
region, the normalized velocities at identical normalized distance
from the wall are larger as the fluid becomes more shear thinning. The
spanwise and transverse components of the velocities for the non-
Newtonian fluids are generally an order of magnitude larger than the
corresponding values for the Newtonian fluid. Irrespective of the
specific fluid or Reynolds number, the profiles of the spanwise and
transverse velocities show self-similar behavior in the inner region
when they are normalized by their respective local peak values.
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